The Affordances of Mathematical Sign Systems
Introduction

If you look at a mathematical text, even from a long way away, you can immediately see that it is mathematical - due to its use of symbolic notation. There are clear reasons why this is so.  A. N. Whitehead is quoted by Iverson (1980):

By relieving the brain of all unnecessary work, a good notation sets it free to concentrate on more advanced problems, and in effect increases the mental power of the race. 

However it is possible to take a more generalised view of this, for  mathematicians (students, teachers, researchers) do not only use symbolic notation. They also use graphs, diagrams, sketches and drawings, and they talk and write in natural languages. To deal with this at a general level, we need to take a semiotic viewpoint and consider the general use of signs.   
Radford (2001) writes :

Following Vygotsky .. instead of seeing signs as the reflecting mirrors of internal cognitive processes, we consider them as tools or prostheses of the mind to accomplish actions as required by the contextual activities in which the individuals engage .As a result, there is a theoretical shift from what signs represent to what they enable us to do

This echoes what Gibson (1979)  writes :

The affordances of the environment are what it offers the animal, what it provides or furnishes, either for good or ill.

This paper explores the conjunction of these positions.

What are Affordances?

The term 'affordance' was invented by the psychologist James J. Gibson in the context of visual perception in animals. The idea is that parts of the environment provide distinctive facilities. Gibson gives the example of air, which affords breathing, movement, visual perception, sound transmission and odor. Water affords drinking, pouring, washing and drowning - a case of a negative affordance. 
Some animals can be supported by the surface of water (such as a water boatman), whilst for larger animals such as humans this affordance is not offered. This illustrates the fact that an affordance is not an intrinsic property of the substance or object but is associated with the relationship between the animal and the substance, or in mathematical terms, an affordance is a function both of the environment and of the animal . 

Since then the notion of affordances has been incorporated into the set of ideas used in semiotics, and has found application within the world of design, and in particular human-machine interaction:

Tools afford different actions. For instance, mechanics use

a myriad of different tweezers, pliers and clamps to take

advantage of the variations in their affordances for grasping.

In interfaces, a similar diversity of input devices (e.g.,

keyboards, mice, touch tablets) and onscreen cursors (e.g.,

arrows, brushes, hands) offer various affordances for interaction.








[Gaver 1991]

One difference here is that the features of the environment (tweezers, pliers, cursors and so on) are not natural but are man-made, and they have  been designed and constructed precisely so that they possess the affordances (for grasping or whatever) which are required. However this still places the idea of affordance in the same place as Gibson originally used it.
Mathematical Sign Systems

Examples of what I mean by mathematical sign systems include -

· Algebra. I use the term in the sense that Iverson (1972:1) says 'algebra is the language of mathematics'
· Graphs, in the sense of graphs of real functions of one variable, rather than 'vertex-edge' graphs - but see below on these.
· Tables

· Diagrams (Venn diagrams, the Argand plane, ad hoc sketches) 

· Spoken and written English and other natural languages

· Physical representations, such as pebbles (the original calculi ) or beads on a wire in an abacus. 

· Geometrical drawings

The latter is interesting because it highlights a fundamental issue. If we draw a triangle - is it a triangle? Lines have zero width, so it is not precisely a triangle. It might be a drawing of  (an approximation to) a real triangle - but does the zero width constraint mean that triangles do not exist in the physical universe?  Vertex-edge graphs are perhaps the other way around - not pictures of graphs, they are graphs.  The fundamental issue  is the ontological aspects of mathematical objects ( considered in Frege 1892, Goguen 2000 and Lakoff and Nunez 2000:2). However we are concerned here with the affordances of signs - what you can do with them - and not the nature of what they signify.
Such sign systems are distinguished among other aspects by
· Medium. Usually drawn written or printed on a two dimensional surface such as paper or screen, but spoken language is in sound

· Layout.  In algebra one line is normally one item (proposition), and propositions follows from the top of the page down. Graphs conventionally have the independent variable horizontally. And so on.

· Sequence. Algebra is 'top down'. Diagrams and drawings are more or less 'all at once' - you are not intended to look at any particular part of a diagram first.  Written language has a sequence, usually top down and left to right
· Temporal nature. Spoken language is fleeting and you cannot normally 'go back over it'. Algebra just sits there on the page, and you can go through it as slowly and as many times as you need. 
Gibson's notion of affordance is 'what you can do with it', such as eat it or shelter under it. In the context of mathematics, what affordances do we want? They include the following -
1. To be able to be understood - to be comprehensible.  What exactly this means is not obvious, but obviously there are degrees to which we can make sense of algebra or graphs or diagrams. This also involves parts and wholes - can the individual steps be grasped, and also the overall argument, proof or explanation. 
2. To be checkable - how easy it is to identify valid or invalid reasoning or simple mistakes
3. To be scalable - to be able to deal with both small and large problems issues and ideas. 

4. To be shareable - to be usable in a social context

5. To support creativity - to enable the user to have new ideas and insights.

6. To be supported by technology (beads on wires, ink on paper, computers)

7. The ability to refer in some way to a variety of types of mathematical objects (numbers vectors and so on) in a convenient manner, including the case where the object is unknown.  'Refer in some way' includes as a point on a diagram,  a symbol or a verbal description.  

Gibson noted affordances were a function of the animal as well as the environment, and the same holds here. A sign system which supports the creativity of an undergraduate student probably would not apply for a five year old.  

Example - algebra
Here is an example problem:

What must be the amount of a square,  which, when twenty-one dirhems are added to it, becomes equal to the equivalent of ten roots of that square?

This problem is taken from the Algebra of al-Khowarismi of Baghdad, as translated by Rosen (Rosen 1831). A dirhem is a medieval Arabic silver penny, or possibly unit of weight, which we can take here simply to mean a unit. Here is the solution that al-Khowarismi gives:

Halve the number of the roots; the moiety is five. Multiply this by itself; the product is twenty-five. Subtract from this the twenty-one which are connected with the square; the remainder is four. Extract its root; it is two. Subtract this from the moiety of the roots, which is five; the remainder is three. This is the root of the square which you required, and the square is nine. Or you may add the moiety of the roots; the sum is seven; this is the root of the square which you sought for, and the square itself is forty-nine. 

This is not very easy to follow. Rosen gives the problem the modern form of solving the quadratic
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So this is a quadratic with a = 1, b = -10 and c = 21. How does al-Khowarismi work it out?
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The work of al-Khowarismi uses natural language to describe the answer, whereas contemporary mathematics would use a symbolic sign system. Despite the fame of al-Khowarismi for introducing the idea of algebra, he consistently used text for this, and not the symbolic notation we now associate with algebra. One might conjecture that a reason for this was that he expected his students to calculate in this way orally, without writing down their working. 

So this is paradoxical. The person usually credited with introducing 'algebra' in fact introduced some related ideas (balanced equations) but not the notational system which is now taken in general parlance as being what algebra is all about - a notational system using letters for numbers and so on.  Why is algebra now notated as it is? One ability of algebra is its 'fundamental metonymy' (Lakoff and Nunez 2000:74) enabling one to talk about numbers in general, rather than particular ones - for example -

x2-y2 = (x+y)(x-y)
but equally one can say 'for all pairs of numbers, the difference of their squares is equal to the product of their sum and their difference'. So natural language can express this metonymy as well as a symbolic version. However physical representations cannot - you cannot 'say' or show this on an abacus. Further, although natural language can express identities and in general theorems,  it is very difficult to solve equations, because it is difficult to refer to the quantity you do not know (since you do not it),  whereas algebra enables you to refer to x and manipulate it with ease. In al-Khowarismi's version above, he can only talk about the values of a b and c, and can only refer to x (which you required) at the end when it has been found.  The affordances of symbolic notation  and sequences of symbolic reasoning are -
Checkable - very.  Algebra is precise, concise and well-defined  (compared with natural language) so it is easy to see errors and invalid steps
Scalable - yes. Given that algebra is essentially deductive logic, the steps can be extended without limit, so that very long algebraic solutions are possible.  A question arises about the comprensibilty of long solutions - each step may be clear but then the overall solution may be hard to grasp.

Supported by technology - yes

Refer to a variety of objects - yes

Verbal systems and memory

Talking about mathematics is clearly useful and productive, but its fleeting nature does not support easily checkable deductive reasoning, and the limitations of  short term memory mean it is not scalable - it is very hard to construct logical arguments with many steps.  However the spoken word does have a special relationship with memory (Murdock 1967, Conrad and Hull 1968), and so identities are often learnt in verbal form - the clearest example is the chanting of multiplication tables by young children. Another example is the trigonometric identities such as 'sine A plus B is sin cos plus cos sine' - these can be recalled sub-vocally and used in a manipulation without imposing an excessive cognitive load.
Iverson notation

Of course there are several algebras, both in terms of content and notation. One interesting form is Iverson notation (Iverson 1972), which became the programming language APL. For example, the primes up to n are given by - 
( 2=+/0=( ι n) ○ . | ι n) / ι n
ι n is the ordered set ('vector') of integers 1 to n - so if n = 5 this is 

1 2 3 4 5 

 ○ .  ('jot dot') produces a 'function table', and | is residue or remainder. So if n = 5,  ( ι n) ○ . | ι n  gives


1 2 3 4 5

1
0 0 0 0 0 
2
1 0 1 0 1
3
1 2 0 1 2
4
1 2 3 0 1
5
1 2 3 4 0
0=( ι n) ○ . | ι n) replaces values in this by 1 if they are 0, and are set to 1 otherwise (truth values)

 
1 2 3 4 5

1
1 1 1 1 1

2
0 1 0 1 0

3
0 0 1 0 0

4
0 0 0 1 0

5
0 0 0 0 1

This means we get a 1 where the number on the right 'goes into' the number at the top. If the number at the top is prime, there will be just 2 of these - 1 and the number itself.   

+/ adds up columns, and 2= yields a 1 where this is 2, so 

2=+/0=( ι n) ○ . | ι n
is


0 1 1 0 1

/ picks out values from a vector where the left hand value is 1, so 

( 2=+/0=( ι n) ○ . | ι n) / ι n

here is


0 1 1 0 1 / 1 2 3 4 5

and it picks out the primes.

An expression like 

( 2=+/0=( ι n) ○ . | ι n) / ι n

looks to us as conventional notation appears to school children.
Graphical systems versus algebraic

The following example (Tall 2004) illustrates some of the contrasting affordances of graphical and algebraic sign systems. A student asked 'when you differentiate cos, you get minus sine. Where does the minus come from?'

The conventional answer to that would be to start from the definition -
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and show this is -sin(x).  However another answer is to recall the shape of the graph of cos near x =0, and see that it rises, flattens and falls, so the slope is positive, 0 and negative. If the differential was sin, it would be negative, 0 and positive - so it must be -sin.
Of course this does not prove it is -sine - visually it resembles it but that does not prove it. However it does give a satisfying answer to the question why, whereas the algenraic argument does not. This may be due to scalability - the algebraic argument has a sequence of steps, eah of which has a reason, but the total proof does not have a single reason - whereas the graphical 'argument' can essentially be seen in one 'go' and displays a single cause.   
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Halve the number of the roots; the moiety is five. 








Multiply this by itself; the product is twenty-five. 





Subtract from this the twenty-one which are connected with the square; the remainder is four. 











Extract its root; it is two. Subtract this from the moiety of the roots, which is five; the remainder is three. 


























This is the root of the square which you required, and the square is nine. 











The number of the roots means the coefficient of x, or -b. So b/2 = -5





so � EMBED Equation.3  ���





Connected with the square means added to the square, which is c. So 





� EMBED Equation.3  ���





The 5 minus 2 is


� EMBED Equation.3  ���


or 


� EMBED Equation.3  ���= 3


so we have the 'formula'





� EMBED Equation.3  ��� = 3
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